EQUIVARIANT PRETHEORIES AND INVARIANTS OF 

TORSORS 

(3 i STEFAN GILLE AND KIRILL ZAINOULLINE 

^^' Abstract. Using the notion of an equivariant pretheory we generalize a theo- 

^ ' rem of Karpenko-Merkurjev on G-torsors and rational cycles; to every G-torsor 

and equivariant pretheory we associate a commutative ring which in the case 
of Chow groups encodes the information concerning the J-invariant and in the 
CD ' case of Grothendieck's ii'o— indexes of the Tits algebras. 
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1. Introduction 



In the present paper we introduce and study the notion of a (graded) equivari- 
ant pretheory. Roughly speaking, it is defined to be a contravariant functor from 
2 ' the category of G-varieties, where G is an algebraic group, to (graded) abelian 

groups which satisfies localization and homotopy invariance properties. All known 
examples of equivariant oriented cohomology theories (equivariant Chow groups, 
fvj , iiT-theory, algebraic cobordism, etc.) are pretheories in our sense. 

^ ' We generalize the equivariant Chow groups of Edidin-Graham by introducing 

^— ^ i equivariant (co)homology theory with coefficients in a Rost cycle module. We also 

1^ ' prove a version of Merkurjev's equivariant X-theory spectral sequence for equivari- 

pf-s . ant cycle homology. This provides many new examples of equivariant pretheories. 

r — [ , One of the key results of Karpenko-Merkurjev [161 Thm. 6.4] tells us that the 

f^ ' characteristic subring of the Chow ring of a variety of Borel subgroups of a split 

^^ , linear algebraic group G is contained in the image of the restriction map, i.e. always 

consists of rational cycles. This fact plays a fundamental role in computations of 
canonical/essential dimensions, discrete motivic invariants of G and in the study of 
ij - splitting properties of G-torsors. 

% I . In the present paper we generalize this result to an arbitrary equivariant prethe- 

C^ ' ory (see Theorem 14.41) . In particular, we obtain versions of [161 Thm. 6.4] for 

Grothendieck's Kq and algebraic cobordism J7 of Levine-Morel. 

As an application we define for any equivariant pretheory h and G-torsor E a 
commutative ring h.B{E) (see Def. 14. 5|) . If E is generic and h is either the Chow 
ring CH* or Grothendieck's Kq or algebraic cobordism i7, this ring coincides with 
the cohomology ring h(G) of G. In general, it is always a quotient of h(G) which 
in the case of the Chow ring is related to the motivic J-invariant of E and in the 
case of Kq - to the indexes of the Tits algebras of E. This provides a fascinating 
link between these two discrete invariants, totally unrelated at the first sight: one 
observes that the p-exceptional degrees of V. Kac for Chow groups [T5] play the 
same role as the maximal Tits indexes for Kq [22l . 
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2 STEFAN GILLE AND KIRILL ZAINOULLINE 

The paper is organized as follows: In the first two sections we introduce the no- 
tion of an equivariant pretheory and provide several examples including equivariant 
cycle (co)honiology. In Section 4 we generalize the result of Karpenko-Merkurjev 
to an arbitrary equivariant pretheory. In the last section we provide applications 
to equivariant oriented cohomology theories (Chow groups, Grothendieck's Kq and 
algebraic cobordism of Levine- Morel). Appendix is devoted to the construction of 
a spectral sequence for cycle homology which generalizes the long exact localization 
sequence. 

1.1 (Notations). Unless otherwise indicated, all schemes/varieties are defined over 
the base field k. By a scheme over a field k (/c-scheme) we mean a reduced separated 
Noetherian scheme over k. By a variety over a field k (fc-variety) we mean a quasi- 
projective scheme over k (note that it has to be of finite type over k). If l/k is 
a field extension and X is a /c-scheme, we define Xi = X xgpocfe Spec^ to be the 
respective base change. By pt we denote Specfc. 

By an algebraic group we mean an affine smooth group scheme over k. By a 
subgroup we always understand a closed algebraic subgroup. By an action of an 
algebraic group G on a scheme X we mean a morphism G x spoc kX ^- X oi schemes 
over k (all group actions are assumed to be on the left), subject to the usual axioms, 
see [531 Def. 0.3]. By a G-scheme we mean a scheme X endowed with an action of 
an algebraic group G. 

We denote by G-Snife the category of smooth G- varieties over k with equivariant 
G-morphisms. A localization of a smooth variety over k is called essentially smooth. 
We denote by G-EsSfc the category of essentially smooth G-schemes over k with G- 
equivariant flat morphisms. Wc denote by 2tb the category of abelian groups. 

2. Equivariant pretheories. 

In the present section we introduce the notion of a (graded) equivariant pretheory 
and provide several examples. 

Let G be an algebraic group over a field k. Consider a contravariant functor 
from the category of smooth G- varieties over k to the category of abelian groups 

he: G-Smfe — > 2lb, X^haiX). 

Given X, y G G-EsSfc and a G-equivariant map f : X -^ Y the induced functorial 
map h.G{Y) -^ h.G{X) is called a pull-back and is denoted by Jq. 

2.1. Definition. The functor he : G-Smk — > 2tb is called a G-equivariant pretheory 
over k if it satisfies the following two axioms: 

H. (homotopy invariance) For a G-equivariant map p: A^' — ;■ pt (where G acts 
trivially on pt) the induced pull-back 

p^:hG(pt) -^ hG(A^) 

is an isomorphism. 

L. (localization) For a smooth G- variety X and a G-equivariant open embed- 
ding l: U ^^ X the induced pull-back 

is surjective. 
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Let W be a G-scheme over k such that U is the locahzation of a smooth irreducible 
G- variety X with respect to G-equivariant open embeddings fij : Uj -^ Ui, Ui C X, 
i.e. U = Um Ui. Observe that U is esseiitiahy smooth over k. 

^ fij 

Let hdU) denote the induced cohmit hni, , ,. iic{Ui). Note that the canonical 
maps iiciUi) — >■ hciVl) are surjective by the localization property (L). 

2.2. Definition. We call hg an essential G-equivariant pretheory if h.Q can be 
extended to the category G-EsSfc of essentially smooth G-schemes over k with G- 
equivariant flat morphisms, i.e. 

he: G-Essfc — > 2tb, 
such that the following additional axiom holds: 

C. Given U as above, the map induced by flat pull-backs hciUi) -^ ^g^M) 

is surjectve. 
Note that (C) holds if and only if the induced pull-back 'hciUi) -^ hciU) is 
surjective for some i. 

2.3. Example (Equivariant iiT-theory). We recall definitions and basic properties 
of equivariant iiT-groups as defined by Thomason [27] , see also the survey article [21] 
of Merkurjev. 

Let G be an algebraic group over k and let X be a smooth G-variety. Then the 
category P{G,X) of locally free G-modules on X (in the sense of Mumford [23] 
I, §3]) is an exact category. Following Thomason [27] one defines the i-th G- 
equivariant K-gro\rp Ki{G,X) as Quillen's i-th ii'-group of the exact category 
V{G,X). 

Let haiX) = Ko{G,X). Then according to ^ Thm. 2,7 and Lem. 4.1] it 
satisfies localization and homotopy invariance, and by [U 52. F] it satisfies (C). 
Hence, it provides an example of an essential G-equivariant pretheory. 

2.4. Example (Equivariant cobordism). This theory has been recently defined by 
Heller and Malagon-Lopez [14) . 

Assume that char{k) = 0. Consider the ring r2,(X) of algebraic cobordism of 
a smooth fc-variety X as defined by Levine and Morel |19j. Since fti{X) does not 
vanish for i big enough (as Chow groups do) one can not copy word by word the 
definition of equivariant Chow groups given by Edidin and Graham [8], see also 
Section |31 

Instead Heller and Malagon-Lopez consider [14 (what they call) good systems of 
representations. These are families of pairs (Vi, [/i)igN of vector spaces with Ui QVi 
endowed with an action of an algebraic group G such that 
(i) G acts freely on Ui and Ui — ?• Ui/G is a G-torsor, 
(ii) 1^+1 =Vi®Wi for some fc-subspace Wi, such that Ui®WiQ C/i+i, 
(iii) supdimV^i = c», and 

(iv) codimy^ [Vi \ Ui) < codimy^^j {Vi+i \ Ui+i), where we consider Vi as an affine 
space over k. 

Observe that assumption (i) ensures that the quotient X x"^ U := {X Xk U)/G is 
a quasi-projective variety over k (see [S] Prop. 23]). Moreover, it is smooth over k 
by the descent, since X XkU -^ X x^ U is faithfully flat. 
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Let G be connected. Then the n-th equivariant cobordism group of a smooth 
G- variety X is defined by 

n'^iX) := ^f]„-dimG+dimt/,(^ X^ [/,) . 

i 

This is well defined, see [Ml Cor. 3.4], and the functor 

satisfies the localization and homotopy invariance axioms by [loc.cit. Thm. 4.2 and 
Cor. 4.6]. Hence, it provides an example of a G-equivariant pretheory. 

A further example is the equivariant Chow-theory of Edidin and Graham [8]. 
We consider this later (see Example l3.16|) when we take a closer look at equivariant 
cycle (co)homology. 

There is also a graded version of a G-equivariant pretheory 

2.5. Definition. A pair of varieties {X, U) is called a G-pair if X G G-Suik and 
[/ C X is a G-equivariant open subvariety. Consider the category of G-pairs over 
k with G-equivarant morphisms of pairs. 
A contravariant functor 

iX,U) ^h^(X,f/) 

from the category of G-pairs to graded abelian groups is called a graded G-equivariant 
pretheory if it satisfies (H) homotopy invariance, and for any G-pair {X, U) there 
is a long exact localization sequence 

h^(X) ^^ h^([/) ^ h^\X, U) — - • • • ' 

where u: U ^^ X \s the corresponding G-equivariant open embedding, and we have 
set h^(y) := 1!i*q{Y,Y). It is called a graded essential G-equivariant pretheory if 
given an inverse limit {X,U) = lim.(Xi,L/i) of G-equivariant open embeddings of 
pairs, there is the induced surjection 

lii5h^(X„[/,) — > h^(A',W). 

i 

3. Equivariant cycle (co)homology 

In this section we generalize the equivariant Chow groups of Edidin and Graham [5] . 
This theory has been considered for the cycle module Galois cohomology by Guil- 
lot [13]. We will use freely Host's [26] theory of cycle modules for which we refer 
also to the book [5] of Elman, Karpenko and Merkurjev, as well as to the article 
of Deglise [S] where several important properties of the generalized "intersection" 
product in cycle cohomology are proven (defined in [521 Sect. 14]). 

Since Host's theory for algebraic spaces is not yet developed we have to restrict 
ourselves to quasi-projective schemes, i.e. to varieties. This assumption guarantees 
that certain quotients by groups actions which we consider here do exist. 

3.1 (Equivariant cycle homology). To fix notations we recall briefly the deflni- 
tion of cycle homology. A cycle module over the field fc is a (covariant) functor M* 
from the category of field extensions of k to the category of graded abelian groups 
subject to several axioms, see [5S1 Sects. 1,2]. The prototype of such a functor is 
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Milnor K -theory K*^, and by the very definition M*(i?) = Mi(i?) is a graded 

K^^ (-E)-niodule for all field extensions E Z) k. 

Given a /c-variety X (not necessarily smooth) and a cycle module M, over k 
Rost |26| has defined a complex, the so called cycle complex (generalizing a con- 
struction of Kato [TJ for Milnor i^-theory): 

... ^ Mn+2{k{x))^^ M„+i(fc(x))^i^ M„(fc(a:)), 

xeX^2) 2;GX(i) 2:eX(o) 

where X(i) C X denotes the set of points of dimension i va. X. We denote this 

complex C.(X, M„) and consider it as a homological complex with the direct sum 

M„+j(fc(a;)) in degree i. 
xeXfi-, 

The i-th cycle homology group Hi(X, M„) of M„ over X is then defined as 
Hi(C.(X,M„)). Note that there is a natural isomorphism Hj(X, K^^J ~ CK,{X) 
for alH > 0, where we have set K^^ = for i < 0. 

To introduce the equivariant cycle homology we adapt the definition of equi- 
variant Chow groups due to Edidin and Graham [8], see also Guillot [13] and 
Totaro [28]. 

Let G be an algebraic group over k of dimension s and X a G- variety. To define 
the i-th cycle homology group with coefficients in the cycle module M, we chose 
a linear representation V oi G, such that there is an open subscheme U '^ V 
with codimy(y \U) > c = dimX on which G acts freely. By shrinking U we can 
moreover assume that U — > U /G is a principal bundle. The later assumption 
assures that X x'^ U := {X Xk U)/G exists in the category of fc-varieties, see [S] 
Prop. 23] (recall that we assume that X is quasi-projective, see ll.ip . We call the 
pair {U,V) an (X,G) -admissible pair for the G-variety X. Note that for a finite 
number of G- varieties there always exist a pair ([/, V) which is admissible for all of 
them. 

3.2. Definition. Let G be an algebraic group over k. Then the i-th G-equivariant 
cycle homology group with values in the cycle module M* over k is defined as 

Hf(X,M,) := H,+(_,(XxG;7,M,_(i_,)), 

where s — dimG and [U^V) is a (X, G)-admissible pair with diml^ = I and 
codimv V \U > dimX. 

It remains to check that this definition does not depend on the choice of the 
{X, G)-admissible pair ([/, V). Since Hj(y, M*) — for any fc-variety ^ if j > dimF 
this can be proven as for equivariant Chow groups using (the so called) Bogomolov's 
double filtration argument, see [S] or [5H]. We recall briefiy the details: 

Let Ui C Vi be another (X, G)-admissible pair with /i = dimVi. Then there 
exists an open subvariety VF of Vi ® F, which contains Ui^V and Vi ® C/ as open 
subvarieties, and such that G acts on W with principal bundle quotient W/G. Then 
the quotient X x"-^ W exists in the category of varieties. 

We use the following fact from [51 Prop. 2 and Lem. 1], which is not hard to 
verify if U — > U/G is a trivial G-torsor and follows in general by descent from 
the "trivial" case. 
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3.3. Lemma. Let G,U,V and X be as above and f: X ^ Y be a G-morphism. 
Denote / x*^ idu : X x'~^ U ^ Y x'~^ U the induced morphism. 

Consider the following properties P of f : vector bundle, flat, smooth, proper, 
regular immersion, open or closed immersion. Then if f as property P implies that 
also f x^ idu has property P. 

3.4. We also need the following fact. Let 




be a cartesian square of G-varieties and (C/, V") a pair which is admissible for all 
varieties in the square. Then there is a natural and unique morphism 



X' x'^U 



X X'^U XyyCu Y' X^U, 



which is an isomorphism if U — > U/G is a trivial G-torsor. Hence by descent, see 
e.g. [ini Thm. 2.55 and Lem. 4.44], it is an isomorphism in general. 



The morphism 
where pu: Vi OU 



idx x^pu: X x^ {Vi(BU) 



X x^U , 



U is the projection, and the inclusion 



idx x^ iu : X x^ {Vi®U) - 
where ljj : W ^^ Vi Q) U, induce homomorphisms 

E^+i,+i^s{X x^ VK,M„_,,_,+,) 



X x^W , 



H,+,,+i_,(X xG (Vi ® U), M„_i,_i+,) 



(idx y Pu)' 



H,+i_,(XxG[/,M„_i+,) 



Both maps are isomorphisms. The first since the dimension of the closed comple- 
ment oi X x^ {Vi®U) in X x^ W is smaller than i + li+l ~ s, and the second 
by homotopy invariance (recall that idjc x '^pu is a vector bundle by Lemma 13. 3p . 
Similarly we have an isomorphism 

Yl,+i,+i^s{X x^ W,Mn-i,-i+s) -^ R,+i,-s{X x^ Ui,M„.i,+,) , 

and hence both pairs define natural isomorphic groups. 

3.5 (Pull-backs and push- forwards). Let now /: X — > 1" be a morphism of G- 
varieties, and {U, V) and (t/i, Vi) two {X, G)- and {Y, G)-admissible pairs as above. 
We set d = dimX — diml". Then we have by the functorial properties of push- 
forward and pull-back maps in cycle homology (using Lemma 13.31 to see that the 
maps in question are defined) two commutative diagrams: 
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(i) If / is flat of constant relative dimension or 1" is a smooth fc-variety then 



H*+,-,(y x^C/,M„_ 



l+s) 



H*+ii-,(rxGt/i,M„_,+,) 



ifx^idu^r 



-^R,+d+i-s{X x^ U,M„^i^d+s) 



ii*+d+h-AX ^ Ul,Mn^li-d+s) 



is a commutative diagram whose column arrows are natural isomorphisms, and 
(ii) If / is proper there is another commutative diagram 



H,+,_,(XxG;7,M„_,+,) 



ifx'^idu). 



-^H,+,_,(Xx^C/,M„_ 



l+s) 



whose column arrows are again natural isomorphisms. 

Let now f: X -^ F be a morphism of G- varieties and {U,V) a (G,X)- and 
(G, y)-admissible pair. 

(i) If either / is flat of constant relative dimension or Y is smooth, we define 
the pull-back morphism 

/a: Hf(r,Al„) -^ Hf+,(X,M„+,) 
as 

ifx^idu)*: H,+i_,(y x^t/,M„_z+,) -^ R^+i-s+diX,Mn+i-s-d), 
where d = dimX — diml". 

(ii) If / is proper, we define the push-forward morphism 

/g*: Hf(XM„) -^ Hf(y,M„) 

as 

(/x^idi/)*: H,(X,M„) ^ H,(y,M„). 

With these definitions G-equivariant cycle homology is a contravariant functor 
on the category of smooth and G- varieties and also covariant for proper morphisms. 
Moreover, if 




is a cartesian square with / proper and g flat of constant relative dimension or all 
varieties in the diagram are smooth over k then we have 

g*°9g ^ 9g° Jg* ■ 
3.6 (Axioms). There is the localization sequence 

Jg 



^ Uf{X, M„) ^^ nfiX \ Z, M„) ^^ Hf_i(Z, M„) ^i- 



8 STEFAN GILLE AND KIRILL ZAINOULLINE 

for a closed G-embedding l: Z ^^ X with open G-equi variant complement j : X \ 
Z ^^ X which follows from the localization sequence in ordinary cycle homology. 
And if tt: _E — > X is a G- vector bundle of rank r, i.e. a G-linear bundle, then 

■K x"^ idu ■■ E x"^ U — > X x^U 

is a vector bundle, see [H Lem. 1], and therefore the pull-back 

TT*: Hf(X,M„) -^ Rf_^,iE,Mn-r) 

is an isomorphism by homotopy invariance of cycle homology. Finally, H^ {X, M„) 
can be extended to G-Ess/c and satisfies (C) by 9, 52. F] or 26) p. 320]. 

3.7. Example. li f : X ^ Y = X/G is a G-torsor then wc have a natural isomor- 
phism 

H,_,(r,M„+,) ^ Hf(X,M„) 

where s = diuiX — dimy — dimG, for alH G N and n e Z. This can be seen as 
follows, cf. ill Expl. 2.3.2]: 

We choose a (X, G)-admissible pair {U,V). Let I = dimT^. Then the closed 
complement oi X x"-^ U — {X x^. U)/G in {X Xj. V)/G has dimension less than 
i -\- 1 — s and therefore we have by the localization sequence an isomorphism 

H,:+,_,((X XkV)/G,Mn^{i-s)) -^ il^+l-s{X x^C/,M„_ (,_,)) = Hf(X,M„), 

where j: {X x^ U)/G ^^ {X x^ V)/G is the corresponding open immersion (note 
that the target of j exists in the category of varieties since by assumption X -^ X/G 
is a G-torsor). By [ff, Lem. 1] we know that {X XkV)/G -^ X/G is a vector bundle 
of rank I and so by homotopy invariance we have 

H,+,_,((XxfcF)/G,M„_(,_,)) 2i H,_,(X/G,M„+,). 

3.8 (Restriction map). If Gi C G is a closed subgroup and X a G- variety over 
k, we can choose a {X,G)- and (X, Gi)-admissible pair {U,V). Then we have a 
morphism of /c- varieties {X x^ U)/Gi -^ {X x^ U)/G which induces (via pull-back) 
a homomorphism of equivariant cycle homology groups 

resg^: Hf(X,M„) -^ Hf^(X,M„) 

for any cycle module M^, called restriction homomorphism. In particular if Gi is 
the trivial group we have a (forgetful) morphism H~^(X, M„) — >■ Hi(X, M„) from 
G-equivariant cycle homology to ordinary cycle homology. 

3.9 (The first Chern class). Let tt: L — ^ X be a G-equivariant line bundle with zero 
section a: X ^>- L. Then cr is a G-equivariant closed embedding and so induces a 
morphism a x^ idc/ : X x*^ U ^ Lx'^ U which is the zero section of the line bundle 
(see Lemma [3^ 

TT x^ idu : L x^ U — > X x^U . 
The first Chern class (or also called Euler class) of L is then defined as the operator 

Ci(L)^ := {^hr^oaa*: Hf(X,M,) -^ Hf_i(X, M,+i) . 
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This map commutes with push-forwards and pull-backs. More precisely, assume 
we have a cartesian square of G-equivariant morphisms, where L and L' are G- 
equivariant line bundles over X and X' , respectively: 




Denote by a and a' the zero sections of L and L', respectively. These are also 
G-equivariant morphisms and so we get a cartesian square 

L'q ^ Lq 



where we have set Yq := Y x'^ U for any G- variety Y ^ go '■— g ^-'^ idjj for all G- 
equivariant morphisms g : Y' — > Y, and assumed that the pair {U, V) is admissible 
for all varieties in question. A straightforward computation using this diagram, 
see [9l Prop. 53.3] for the analogous result in ordinary cycle homology, shows 

cf (i') o /* = /* o cf (i) if / is flat, and 
cf{L) o fa^ = /g, o cf{L') if / is proper. 
3.10. Remark, (i) The Chern class homomorphism 

cf(L): RfiX,K^{) = CUfiX) -, CHf_i(X) = Hf_i(X, k5,+i) 
coincides with the first Chern class defined in Edidin and Graham [8l Sect. 2.4]. 

(ii) As for ordinary cycle homology in [5] one can use the Euler class of a 
vector bundle to prove the projective bundle theorem and then use this to define 
the higher Chern classes in G-equivariant cycle homology. We leave this to the 
interested reader. 

3.11 (An equivariant spectral sequence). We provide now a version of Merkur- 
jev's [21] equivariant /^-theory spectral sequence for equivariant cycle homology. 

Let T be a fc-split torus of rank m, and x : T — ;> Gm a character. The algebraic 
group T acts via x on the affine line Aj. defining a T-equivariant line bundle A^ — )> pt 
which we denote by L{x) (trivial action of T on the base point pt). Up: X ^> pt is 
a T-scheme we denote the pull-back p*L(x) by Lx(x)- This is also a T-equivariant 
vector bundle. 

Let X be a G- variety, where G is an algebraic group over fc, and T C G a 
split torus of rank m. Let xi,...,Xm be a basis of the character group T* = 
Hom(T, Gm), and let T act on the affine space A™ = Spec fc[a;i, . . . , Xm] by 

t- (ai,...,a,„) I — > (xi(i) -fli, ... ,Xvi{t) ■ a.^) , (1) 

and on A™ = X x^ A™ diagonally. Let Zi C A™ be the hyperplan defined by 
a;^ = for i = 1, . . . , TO. Then X Xk Zi are T-subvarieties of A™ and therefore, see 
Lemma 15751 we have closed subschemes 

(XxfcZi)x^(7, ... , (XxfcZ™)x^C/ 
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of Ax x*^ U, where {U,V) is a (A^',r)-admissible pair. Since U -^ U/T is a 
T-torsor (by assumption) we have 

f]iX XkZ,)x^U = (X XkZi)x'^U 

for aU / e {!,..., m}, where Zj = f] Zj. From Example I A. 71 we get then a 

convergent spectral sequence 

^f' = H^g-™(^ Xfc Zi,M„) =^ H^p_,(X Xfcr,M„) (2) 

|/|=p 
for all cycle modules M,. 

By Example 13.71 we have H^p_^(X Xj. T, M„) ~ H_p_q_m(X, M„+m) and since 

Zi = aIJ"' = Speck[x„ie I] ^ A^ 
is a T-equivariant vector bundle over the base the pull-back 

is an isomorphism, where tt/ : X x j, Z/ — > X is the projection. Replacing q hy q + m 
the spectral sequence takes therefore the following form 

^r = 0H^^_p(X,M„+p) =^ H_p_,(X,M„+™). (3) 

|/|=p 

We compute the differential 

|/|=p |./|=J3+1 

If J 2 ^ the the /J-componcnt of d^"'* is zero. If J D / let J = {ii, . . . , ip+i} and 
/ = J\{ir} for some 1 < r < p+1. Then by Example I A . 71 the /J-component of the 
differential d^'^ of the spectral sequence ([2]) is equal (— l)''^^-times the push-forward 
along the closed embedding (see Lemma [373]) 

iijx^idu: {XXkZi)xTu ^ {XXkZj)x^U, 

where t/j is the closed immersion X x^ Zj ^^ X x^ Zj. Using the above identifi- 
cation we have then a commutative diagram 

^r' = h;^_^(x,m„+p) ^'j . h!:^(x Xfc z,,m„) 



d- 



p,q 



(-l)'-l 



''/ J,T ^ 



^P+i,, ^ H^^_^_^(j^^M„+p+i) ^^H^,(X Xfe Zj,M„) , 

and therefore 

= (7r}r)"i '-/J,T,(]Ixxz, ri ((ttj x^idc/)o(t7j x^idc/)*(a;))) 

= [K}T)''(^MT*(IxxzJ)]na; 

= Ci(ix(Xr)) na:: 

for all X € H_ (X, M„+p). The last equation since i/j is the zero section of the 
pull-back of Lxix) along the projection X x^ Zj ^ X. 
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3.12 (Equivariant cycle cohomology). From now on all varieties are assumed 
to be smooth. Given a smooth equidimensional variety X we define its i-th cycle 
cohomology group as 

H'(X, M„) := lldi^X-i{X,Mn~dimx) ■ 

A pairing 

Kf{E) X M,{E) -^ M,+,{E) 
induces the so called intersection product of cycle cohomology groups 

ff(X,K^^) X ff(X,M„) -^ ff+^(X,M„+„), ia,x) ^^ aHx, 

see |26[ Sect. 14]. This generalizes the usual intersection product of Chow groups 
as defined for instance in the book [TT] of Fulton. 

3.13. Definition. It follows by descent (since U — > U/G is a principal bundle) 
that X x'^ U is an equidimensional smooth variety, too. Hence we can define 

H^(X,M„) :=Hfi,„;f_,(X,M„_dimx) = ff(Xx«C/,M„) 
and call it the i-th G-equivariant cycle cohomology group of X with values in M». 
The pairing of R*{X x'^ U, K^') with H*(X x^ [/, M*) induces a pairing 

H^(X,K*^) X ffc(X,M„) -^ H^+-''(X,M™+„), {a,x) ^^ anx. 

Since the pull-back of ordinary cycle cohomology groups respects the product, we 
can use Bogomolov's double filtration argument to check that this definition does 
not depend (up to natural isomorphism) on the choice of an {X, G)-admissible pair. 
It follows from the properties of the ordinary "intersection" product in cycle 
cohomology that Hq(X, K*^) becomes a skew- commutative ring with this product, 
i.e. 

an^ == (_1)(»+™)-0+«) .^na 

for all a e H^(X,K^O and ^ £ %{X,K^^), cf. [9. Prop. 56.4]. We denote the 
neutral element of this multiplication by I^ . This is the rational equivalence class 
of X xG [/ in R%{X, K*0 = H"(X xG [/, K^^). 

3.14 (Projection formulas). From the properties of the ordinary intersection product 
shown in [5j Prop. 5.9] we obtain the following: 

Let / : X — > y be a morphism of equidimensional smooth G- varieties. Then 
(i) /a(/3Uy) =/a(/3)n/a(2/), and 
(ii) if / is proper the equations (projection formulas) 

/G*(«n/a(y)) = /G*(a)ny and fa^ifaW) ^x) ^ l3 n fa^i^) 
for all a £ H^(X,K*f), /? G H^(r,KiO, ^ S H^g(X,M„), and y € H^g(y,M„). 

We denote by Ci(L) also the element ci(i)(I^) S C11q{X). With this notation 
we have by the projection formula 

Ci(L)(a;) = Ci(L) D x 

for all X e IIq(X, M„) and all i e N and n e Z if the variety X is smooth k. 

This section can be summarized by the following (see 13.131 and 13. 6p 

3.15. Tiieorem. The functor X ^^ IIq(X, M*) provides an example of a graded 
essential G-equivariant pretheory. 
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3.16. Example (Equivariant Chow groups). We have 

Hf(X,K^^) = CHf(X), 

where CH^ denotes the G-equivariant Chow-theory of Edidin and Graham [8] . 

Since Hj(y, K*^j) = for j < j — 1 we know by the locahzation sequence that for 
a G-equivariant open embedding l: W '-^ X the pull-back 

i*G-- CHf(X) -^ CHf(PF) 

is surjective. Identifying CHq(X) with CH^^^x-ii^) '^^ obtain that the functor 

hciX^CH^W = 0CffGW 

provides an example of an essential G-equivariant pretheory. 

4. TORSORS AND EQUIVARIANT MAPS 

In the present section we generalize the result of Karpenko and Merkurjev [161 
Thm. 6.4] to an arbitrary equivariant pretheory. Our arguments follow closely the 
exposition of [HI §6]. 

Let S — Gh{V) be the group of automorphisms of a finite dimensional fc-vector 
space V. Let H be an algebraic subgroup of S. Consider S* as a (left) iJ-variety. 

Let hjj be a iJ-equivariant pretheory over k. Following the proof of |IH1 Prop. 
6.2] we embed 5* into the afhne space Endfc(V") as a S-equivariant (and, hence, 
-ff-equivariant) open subset. 

Let (j): 5 — >■ pt denote the structure map. The induced pull-back (jf^ factors as 
the composite of pull-backs 

h^(pt) ^ hH(End(V^)) ^hff(5), 

where the first map is an isomorphism by homotopy invariance and the second map 
is surjective by the localization property. This proves that 

4.1. Lemma. The induced pull-hack (j)*^ is surjective. 

Let /is : 5 — > S* denote the right multiplication by s S S{k). Since (j) o fi^ — ip as 
morphisms over k and fig is i?-equi variant, we have {fJ-sYn ° (^h ^ 'f'H- Since (j)*^^ is 
surjective by Lemma |4.1[ this proves that 

4.2. Lemma. The induced pull-back {fis)*H' ^niS) — > hniS) is the identity. 

Let G be an algebraic subgroup of S such that H C G C S so that G is considered 
as a (left) 7J- variety. Let £■ be a (left) G- variety over k and let r]E ■ Spec K —i' E 
denote its generic point, where K = k{E). 

Consider the G-equivariant (and, hence, if-equivariant) map 

ipE- Gk ^ G xspocfc Specie '^ G xspecfe E — > E 

which takes the identity of G to the generic point of E. Suppose that there is a 
G-equivariant map p: E -^ S over k. Then there is a commutative diagram of 
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if-equivariant maps 

Gk —^ E -^-— S 
p 

JK ^ JK 

where the map i is the embedding, p is the projection Sk = S Xgp(,j.fc SpecX — > S 
to the first factor and the bottom horizontal map is the muhiphcation by pijjE)- 

By the diagram the pull-back of the composite {'iPe)*h°P*h ~ {p°i^E)*H coincides 
with the pull back (poA'p(r,E) °i)*H- Here the map {iPe)*h ■ ^h{E) — > h/f (G/f) is the 
canonical map to the colimit. By Lemma 14.21 the latter coincides with the pull-back 
^*H °P*H^ hence, proving the following 

4.3. Lemma. Let E be a G-variety together with a G-equivariant map p: E ^>- S. 
Then we have 

{iPeTh ° Ph ^'^h°Ph- i^H(S) ^hniGK)- 
We are now in position to prove the main result of this section 

4.4. Theorem. Let H G G be algebraic groups and let h/f (— ) be a Ll-equivariant 
pretheory. Then for any G-torsor E with K — k{E) we have 

lni{ip*H) C Im((V'B)|^) m £^(0^), 

where tp: Gk -^ pt is the structure map. 

Proof. By Lemma 14.11 we have 

Im(ipH) = Im(i^ opff o <I>*h) = Im(i^ o_p^). 



Theorem then follows from Lemma 14.31 and the fact that there exists a finite di- 
mensional fc-vector space V and a G-equivariant map E — > S = GL(V^), see P^Bl 
Prop. 6.4]. D 

4.5. Definition. Let H C Ghe algebraic groups over k and hH(— ) be an equivariant 
pretheory with values in the category of commutative rings. To each G-torsor E 
we associate a commutative ring 

E ^ hH{GK) ®h„(£;) ^h{Hk), 

where h/f (G^) is the h// (£^)-module via {tpE)*H and Y\.h{Hk) is the hH(-E)-module 

via the composite huiE) -^ h/f (Ga') -^ ^h{EIk) with the last map induced by 
the embedding H C G. 

This ring will be denoted by hniE) and will play the central role in the last 
section of this paper. In particular, it will be shown that for known examples of 
equivariant pretheories it is always a quotient of the cohomology ring h(G) of G. 

4.6. Corollary. Let H C G be algebraic groups overt and lethni—) be an essential 
H-equivariant pretheory. Then there exists a field extension l/k and a G-torsor E 
over I with L = 1{E) such that 

Im(<y3H,) = Im((V'B)lf,) in ^Hi{Gl) 
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Proof. Wc fix an embedding G — > S = GL(y) for sonic finite dimensional k- 
vector space V. The quotient S — > G\S (for the right action of G on 5*) is a (left) 
G-torsor. Let I be its function field and consider the cartesian square 

p 
E ^-S 



Spec I ^ G\S . 

Since S — > G\S is a G-torsor the map E — > Spec/ is a G-torsor, too. The 
/-scheme E is a localization of S and, therefore, by (C) and localization property 
(L) the pull-back p^: h/f(5) —> &//(£') —^ hniE) is surjective. This implies that 
the pull-back p|j^ : h.Hi {Si) — > h/f, (E) is surjective. It remains to apply the proof of 
Theorem l4.4fo ver / and to observe that lni{(p*H ) = Im((^£;)^ °P*h) = ^"^{{^eTh )■ 

b 



4.7. Definition. A G-torsor E over k which satisfies the equality of CoroUarv 14.61 
will be called a generic torsor with respect to the pretheory h//(— ). Note that in 
the proof we provided an example of a G-torsor which is generic over some field 
extension for all equi variant pretheories. 

4.8. Example. Observe that for a generic G-torsor E over k we have 

\iH{E) = hH{GK) ®h„(pt) ^h{Hk), 

where h/f (Gx) is an h//(pt)-module via 93 1^, and for the trivial G-torsor G we have 
hH{E) = hniGK) «)h„(G) ^h{Hk). 

5. Equivariant oriented cohomology 



In the present section we apply Theorem 14.41 to the case of a S-equivariant 
oriented cohomology, where _B is a Borel subgroup of a split semisimple linear 
algebraic group. 

Let G be a split semisimple linear algebraic group of rank n over a field k and let 
T be a split maximal torus of G. Similarly to 13.111 consider the action ([T]) of T on 
the affine space A^! with weights xit ■ ■ iXn together with an action of T on G by 
left multiplication. Then T embeds into AJJ — Spec /^[xi , . . . , x„] as the complement 
of the coordinates hyperplanes Zi, i — 1, . . . ,n. Let V = A^ x-^G be the associated 
vector bundle over G/T (see ^ p. 22]). By definition V = Lafrixi)®- ■ -©^G/TCXn) 
and G = T x^ G embeds into V as the complement of the union of zero-sections 

^J = 0^g/t(xO = ^jX^G, z = l,...,n. 

Note that Cj : Vj ^^ V is a, smooth subvariety for every j. 

Let now li(— ) be an oriented cohomology theory in the sense of [19], i.e. a con- 
travariant functor from the category of smooth varieties over k to the category 
of graded commutative rings satisfying certain axioms. In particular, if X is a 
A;- variety with an open subvariety l: U '-^ X there is an exacts sequence 

h(Z) — ^ h{X) — i-^ h{U) *- 
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where j : Z = X\U^^X is the closed complement of U, and there is also a first 
Chern class which we denote by rff. 

Having such a theory h(— ) we get from this localization sequence (by induction) 
an exact sequence 

n 

0h(i/,)®^:n^-h(y)^h(G)^o 

By the properties of the first Chern class we have 

(e,),(ly,)=c^(Ly(x,)) 

which implies that the image of ©j(ej)» is an ideal generated by the first Chern 
classes c!f(Lv(xj)), j = l,...,n. 

Let i? be a Borel subgroup of G containing T and let G/B be the variety of Borel 
subgroups. By [1, Thm.10.6 of Ch.III] the composite of projections V -^ G/T -^ 
G/B is a chain of affine bundles. Therefore, by the homotopy invariance there is 
an isomorphism h.{G/B) —^ h(l^) compatible with the Chern classes and we obtain 
the following 

5.1. Proposition. There is an isomorphism of rings 

h(G) 2. h{G/B)/{c\{LG/B{xi)), • ■ • , c\{LafBiXn))) , 
where xi,- ■ ■ ,Xn is a basis of the character group T* . 

Let )ib{—) be an _B-equivariant pretheory to the category of commutative rings 
such that 

(i) 'h.B{E) — h.{E/B) for every G-torsor E, where h(— ) is an oriented cohomol- 

ogy in the sense of [19]. 
(ii) hB{BK) = h(pt) and hBiGx) ^ h{G/B). 
Then the ring h.B{E) = hB{GK) 'S^hB{E) hs(5if ) introduced in Definition 14 . 51 can 
be identified with a quotient of hBiGx) — ^{G/B) modulo the ideal generated by 
non-constant elements from the image of the restriction {i^eYb '■ ^i-^/-^) ^ b.{G/B). 
Consider now the map ip*^: hB(pt) — > hs(GK) ~ b.{G/B). By Theorem 14.41 
Im{ip'^) C Im((?/;£;)|j), hence, hB{E) can be identified with a quotient of the factor 
ring h(G/i?)//, where / denotes the ideal generated by elements from the image of 
ip*g which are in the kernel of the augmentation. 

Then by Proposition [FH] and Corollarv 14.61 we obtain the following 

5.2. Corollary. Assume that the image of ipg is generated by the Chern classes 
Ci(-^G/B(Xi)) of line bundles associated to the characters Xi & T* (i — \...n). 
Then hB{E) is a quotient of'h.{G/B)/I ~ h(G). Moreover, if b.B{—) is essential 
and E is generic, then 

hB{E)^h{G). 

5.3. Example (Chow groups and the J-invariant). Consider the equivariant Chow 
groups hB{ — ) = CH (— ). Let £' be a G-torsor. The ring hB(pt) can be identified 
with the symmetric algebra S{T*) and the map 

^*s ■■ S{T*) = hB(pt) — > hB{GK) = CH(G/B) 

coincides with the characteristic map for Chow groups studied in [B]. So its image 
is generated by the first Chern classes ci{LQ/BiXi)) of the respective line bundles. 
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The map (V'-e)!? coincides with the restriction map 

res: CR{E/B) —^ CH(G/B), 

where E/B is the twisted form of G/B by means of E and the map 

SiT*) - hB(pt) — > hB{BK) = CH(pt) = Z 

is the augmentation map. If E is generic, then we have 

hsiE) ~ CH(G/B) ®s(T-) Z ^ CH(G'). 

where the last isomorphism foUows by CoroUarv 15.21 For an arbitrary G-torsor E 
the ring 

hB(£;) = CH(G/B)®i^(,es)Z 

is a quotient ring of CH(G/i?) modulo the ideal generated by non-constant elements 
from the image of the restriction CH(E/B) -)■ CH(G/S). 

Observe that the characteristic map ip*^ is not surjective in general. However, 
its image is a subgroup of finite index in CH(G/i3) measured by the torsion index 
T of G. This implies that for a G-torsor E we have 

iLB{E)(g,zQ-q. 

If p I r, then there is an isomorphism 

i^B{E) (g>z Z/p ~ — ^, 

K",...,xr) 

where (ji, . . . ,jr) is the J -invariant of G twisted by E as defined in ^25^. Observe 
that ji < ki, i = 1 . . .r, where ki are defined via the p-exceptional degrees introduced 
by Kac [151, and for a generic torsor E we have equalities ji — ki for each i. 

5.4. Example (Grothendieck's ilTo and indexes of the Tits algebras). Consider the 
equivariant iiTo-groups ^b{—) = Ko(i3,— ). Let _E be a G-torsor. The ring hB(pt) 
can be identified with the integral group ring Z[T*] and with the representation 
ring Rep T of T, i.e. 

hB(pt) =Z[T*] ^RcpT. 

The map 

^*s: Z[T*] =hs(pt) — > hB{GK) ^ Ko{G/B) 

coincides with the characteristic map c for Kq studied in [5] and again its image is 
generated by the first Chern classes. 

As before the map {'ipE)B coincides with the restriction map 
res: Ko(^/B) -^ Ko(G/B), 



and applving 14.41 we obtain the following Xo-analogue of the Karpenko-Merkurjev 
result: 

5.5. Corollary. Let E be a G-torsor over k and let E/B he a twisted form of G/B 
by E. Then 

(i) c(Z[r*]) C Tes{Ko{E/B)); 

(ii) there exists a G-torsor E over some field extension of k such that 

c(Z[T*])=res(Ko(-B/S)). 
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According to a result of Panin [24] the image of the restriction map is given by 
the sublattice 

where W is the Weyl group of G, {gw}wew is the Steinberg basis of Ko (G/i?) and 
{iw,E} are indexes of the respective Tits algebras. 

Corollary 15.51 implies that there exists a maximal set of indexes {m-tuluiew such 
that 

• 'iw,E < rriiu for every w & W and every torsor E; 

• there exists E such that i^^E = rriw for every w £W; 

• the image of the characteristic map (p*g(Z[T*]) coincides with the sublattice 
{rriw • gw}wew, hence, providing a way to compute rriw 

The indexes m^ are called the maximal Tits indexes. They have been extensively 
studied by Merkurjev ^U\ and Merkurjev, Panin and Wadsworth ^22]. They are 
closely related to the dimensions of irreducible representations of G. Comparing 
with the case of Chow groups one observes that the maximal Tits indexes in Kq 
play the same role as the p-exceptional degrees in Chow groups. 

Since the map Z[T*] — hB(pt) — > iiBiBx) — Ko(pt) = Z is the augmentation 
map, for a generic torsor E we have 

hB{E) = Ko(G/B) ®z[T*] Z ^ Ko(G), 

where the last isomorphism follows by CoroUarv 15.21 Hence, for an arbitrary G- 
torsor E 

hB(£;)-Ko(G/B)®n„(,es)Z 

is the quotient ring of Ko (G/i?) modulo the ideal generated by elements from 
the image of the restriction Ko{E/B) -^ Ko{G/B) which are in the kernel of the 
augmentation. 

5.6. Example (Equivariant algebraic cobordism). Consider the equivariant alge- 
braic cobordism hB(— ) — 51 (— ). Let £■ be a G-torsor. The completion hB(pt)^ of 
hB(pt) at the augmentation ideal, (the kernel oih.B{pt) -^ hB{B)) can be identified 
with the formal group ring L[[T*]][/ introduced in [21 Def. 2.4 and 2.7], where L is 
the Lazard ring and U denotes the universal formal group law. 

The map 

<f*B : U[T*]]u = hi3(pt)^ -^ hB{GK) = n{G/B) 

coincides with the characteristic map of [2, Def. 10.2] and its image is generated by 
the first Chern classes. 

The map {'iPe)b coincides with the restriction map 

res: n{E/B) — > n{G/B), 

where E/B is the twisted form of G/B by means of E and the map L[[r*]][/ = 
hB(pt)^ — > iiBiBx) = ft{pt) = L is the augmentation map. By Corollarv l5.2l for 
an arbitrary G-torsor E we have 

hB(^)-r!(G/B)®i„,(,,,)L. 

is a quotient of the ring il{G/B) modulo the image of the restriction fl{E/B) -^ 
il{G/B) from the kernel of the augmentation. 
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Appendix A. A spectral sequence 

Let A be a fc-scheme, Zi, . . . , Zm closed subschemes of A (with reduced structure), 
and Mh. a cycle module over k. We construct in this section a spectral sequence 

m 

which converges to the cycle homology of M* over the open complement of IJ Zi 

1=1 
in A generalizing the long exact localization sequence (the case m = \). A reader 
familiar with Levine |18i Sect. 1] will notice an analogy with Levine's construction of 
a similar spectral sequence for Quillen A-theory which should have an explanation 
in the theory of model categories. 

Let m be a positive integer and m the set of subsets of {1, 2, ... , m} C N. We set 
further = 0. We consider m as a category with Morm(/, J) = {0} (one element 
set) if / C J and otherwise. 

A.l. Definition. A m-cuhe of complexes is a functor 

A,: m — > K''(2lb) / i — > Ki 

from TO into the category of bounded (homological) complexes of abelian groups. If 
I C J we denote rfj the induced morphism Kj — > Kj, and set rfj = if / ^ J. 
We observe that r^^ • rfj = rfj^ ii I C J C K since / H> Kj is a functor. 

A morphism of ?7i-cubes is a natural transformation. 

For brevity of notation we define if Z = | J| = |/| + 1 a morphism e^j as follows: 
li I <^ J we set efj = and if J = {ii < Z2 < . . . < «;} and I = J\ {id} for some 
I < d < I we set efj = (— l)'*^^ • rfj. The signs are chosen, such that the matrix 
product 

(,^"'iJ|J|=p+l,|L|=p+2 ■ V^-f-'-'|/|=p,|J|=p+l \^) 

is zero. 

With a TO-cube of complexes A* we can associate two (to, — l)-cubes of complexes 
(as long as to > 2). First we have the {ni — l)-cubes of complexes A* which is the 
restriction of A* to to — 1 , and second we have A^. The latter is defined as the 
composition of to — 1 — > m, J i — > J U {to,}, with A*, i.e. 



Al : TO - 1 — > D''(2lb) J I — > K 



JU{m} 



A. 2. Example. Let A be a fc-scheme with closed subschemes Zi, . . . , Zm, and M* 
a cycle module. We set Zj := f] Zj for all / in to. We have than an m-cube of 

complexes 

A,: C.(A,Zi,...,Z,„„M„,*):/ ^^ C.(Z,,M„), 

where for I Q J the morphism rfj is the push-forward along the inclusion of closed 
subschemes f] Zj ^^ f] Zj . Then we have 

a: = C.(A,Zi,...,Z„_i,M„,*) 
and 

A, — C.{Zjn, Zx n Zra • • ■ , ^m-1 H Zm-, M„, *) . 

Note also that Ag = 0.(0 Zj,M„) and A{i....^™} = C.(A, AI„). 
1=1 
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A. 3 (The functors cf>j) . Recall first the cone of a morpliism of complexes f : K. — 
L,. This is the complex cone/ which is given in degree i + 1 and i by: 

df u 
-4+1 



We have then a (so called) exact triangle K, — > L, — > cone/ — > K,[\\ (with 
obvious morphisms on the right). 

We define inductively a functor cf>j form the category of 77i-cubes of complexes 
to K''(2tb) for all i £ Z. Let K^ be such a m-cube. Then we set cf^^K^ = if 
i > m, + 1 and 

cf>m^* := ^{l,...,m} • 
We have then the morphism of complexes 

m 

®m •= Jl'^^fl.-'™}- ® ^^ ^ ^{l,...,m} = <^f>rnK* 

i=l |/|=m— 1 

and define cf>„j_]^ K^ to be the cone of this morphism. 
The composition 

|/|=m-2 \J\=m-l 

is the zero morphism, see ([5]), and therefore induces a morphism of complexes 
0™-i: ^/[l] -^ cf>„_iX. == conce^. 

|/|=m-2 

We set then cf>^_2 := coneO^.^. Let now p < m — 3. Then by (descending) 
induction we have a morphism of complexes 

0^+2 : if L [m - p - 2] ^ cf >p+2 if. 

|L|=p+l 

such that we have 9^2 ' {^JL['m—p-'2]) ,^,_ =0. Therefore there exists 

0^+1 ■ if j[m - p - 1] ^ cf>p+i if, = cone 9^+2 , 

\J\=P 

such that the following diagram commutes: 



Kj[m-p-2] 

\J\=P 



ef+ihil. 






(ejL[m-p-2])j,i, 

^ J ^ cf>p+2 i^* 
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More precisely, the morphism of complexes Qp^i[p + 1 — m] is in degree t given by 



Kjt- 

\J\=P 



((ejL)jL)t 




KLt ® cf>p+2b+l-™]t = cf>p+ib+l -m]t. 

L\=p+1 



Therefore we have by ^ that 6^i • (e/j[n^ ^ P ^ 1])/,./ = which finishes the 
induction step and the definition of cf>p K^, for p >0. 

If p < we set cf>p K^, := cf>o K^,. 

A. 4 (An exact triangle). By construction we have then for all < p < ?ti a 
commutative diagram 



|7|=p-2 
m i I 



Kiu{m}[ni-p] 



\J\=P-i 



Kj[m -p\ ^ 



Kl [m - p] 






cf>p-i K 



\L\=p-l 
m i I 



-^^f>pK, 



-^(cf>pii'*)[l] , 



whose lower row is an exact triangle and whose upper row is a short split exact 
sequence of complexes (with obvious morphisms) for all p > — 1 . 

Shifting the diagram of the lemma for p = tti — 1 to the left we get a commutative 
diagram in the bounded derived category of complexes of abelian groups: 



\I\=m-2 2_ 

m ^ I 



e Kj[l] 

I J\ — m — 2 



|L| = m-3 
m ^ I 



-^I,U{m}[l] 



-^ i:f>„_2 K 



■ '^f>m-l ^* 1 



^{l,...,m-l} 

where the arrow 

©: ^{l,...,m-i} = cf>„_iA', 



<^'i>m-2K', = cone( ^ Kj — ^^^-^ A{i,...,m}) 

\J\ =m-2 
ra ^ J 

is induced by e{i^...,„_i}{i^...,„} : ii'{i,...„i-i} — > -ft^{i,...m}- 
A. 5. Definition. The cofiber of the m-cube of complexes -RT* is the complex 

The assignment K^, i— )■ cf K^ is a covariant functor from the category of m-cubes of 
complexes to K''(2lb). 
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A. 6 (The spectral sequence). By the very definition of the complexes cf>„iir* 
we have exact triangles 

<^f>p+iK* — > cfypK^ — > ^ Ki[m-p] 

\i\=p 

for any 77i-cube of complexes K^, and all p > 0. The associated long exact homology 
sequences constitute an exact couple and so we get a convergent spectral sequence 
of cohomological type 

\i\=p 

(Note that the complexes Kj and so also cf>p X, are all bounded.) By construction 
the /J-component H_p_g(iir/[m — p\) — > \i^p^q{Kj[ni — p\) of the differential 
^P,«. El'\K,) -^ El+^'\K,) is equal H_p_,(e/j[m - p]). 

A. 7. Example. Let X,Zi, . . . ,Z„n if*, and M, be as in example I A. 2 1 We set 

I 
Wi := U Zj ioT 1 < I < m and C.{Y) := C.(Y, M„) for any finite type A:-scheme Y. 
i=i 
The pull-back along the open immersion X \ W,n '-> X induces a morphism of 
complexes cfy^K^, = C.{X) — > C.{X \ Wm)- The composition of the morphism 
with 0^ is zero given a morphism of complexes cf>„_i iiT* — > G,{X \ Wm)- 
Composing this morphism with Q^-i i^ again zero and hence induce a morphism 
from cf>,„_2 ^* to C.(Ar \ Wm)- Proceeding further we finally get a morphism of 
complexes 

7: Cfif* -^ C.{X\Wm). 

Similarly we have morphisms of complexes 7 : c^K^ — > C,{Zm \ Wm-i) and 
7': cf K^ — > C,{X \ Wm-i)- We claim that this is a quasi- isomorphism. This 
is obvious for m = 1. Let m > 2. Then bv IA.4I we have a commutative diagram 
whose rows are exact triangles 

cfK, cf X: cfK., 



C.iZm \ Wm-l) -^^ C.{X \ Wm-l) ^"^ C.(X \ Wm) , 

where l: Zm\Wm-i ^^ X\Wm-i and j : X\Wm~i ^^ X\Wm are to the respective 
subschemes corresponding open respectively closed immersions. The claim follows 
from this diagram by induction. 

Hence we have a convergent spectral sequence 

£;f«(X,Zi,...,Z^,M„) := 0H_,_„(Z/,M„) =^ H_p_,(t/,M„) , 

\i\=p 

m 

where U = X \ [J Zi. The /J-componcnt of the differential is equal if / ^ J 

i=l 

and equal (—1)'*^^ times the push- forward along the closed immersion Zj ^^ Zj if 
J = {ii < . . . < ii} and / = J \ {id}- 

A. 8. Remark. This spectral sequence applies also to Voevodsky's f29^ motivic 
cohomology of a homotopy invariant Nisnevich sheaf with transfers J-". By Deglise's 
These [1] one can associate to such a sheaf a cycle module .F, , such that there is a 
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natural isomorphism Hj^is(^, -^) — H*(X, J^q) for all i G N. (Vice versa, if M* is a 
cycle module then X i— > H'(X, M„) is a homotopy invariant Nisnevich sheaf with 
transfers.) 

A. 9. Example. Let X be a topological space with closed subspaces Zi, . . . ,Zm- 
As in the book J_^ of Dold we denote by SX and S{X, A) the singular and relative 
singular complex of X and the pair (X, A) with A Q X a, closed subset, respec- 
tively. Let H*(X) and H*(X, A) be the homology groups of these complexes, i.e. 
the (relative) singular homology of the space X and the pair (X, A) , respectively. 
We set (as above) Zi :— p| Zj for subsets / C {1, . . . ,to}, and denote by t/j 

the embedding Zj ^-^ Z,j if / C J. 

The map / i— > SZi is then a TTi-cube of complexes and we get by the same 
reasoning as in Example IA.7I a convergent spectral sequence of cohomological type 

ni 

Sf«(X,Zi,...,Z,„) := 0H_5_„(Zj) =^ H_p_5(X,|JZ,), 

\i\=p i=i 

where the / J-component of the differential d^'' : i?f '"^ — )■ E\^ '' is zero \i I (/_ J 
and equal (—1)''"^ • H_g_m('-/j) if J = {ii, . . . ,ip, ip+i} and I = J \ {i,} for some 
I <r <p+l. 
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